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1. (a) We need to show that for v € P then if N;(v) =0, i = 1,2,3,4, then v = 0. At ’ seen/sim.seen || ‘
x = 0 there is a double root because v(0) = v'(0) = 0, and similarly at z = 1.

Therefore v is a degree 3 polynomial with 4 roots, so v = 0 by the fundamental
theorem of algebra. 5, A

(b) Ni(¢) = ¢(0) =3 x0?—2x0%=0. Nao(¢) = ¢/(0) =6 x0—6x 0% = 0.
N3(¢) = ¢(1) =3 x12-2x13=1. Ny(¢) =6x1—6x12=10. Hence ¢
vanishes for all nodal variables, except for N3, so it is a nodal basis function. 5, A

(c) The finite element can be used to build a C! finite element space, because we
have the function value and its derivative at each interval vertex, so we can enforce
continuity of the function and its derivative by sharing those nodal variables between
cells.

Equation (1) is a second order problem, which requires an H' formulation, so the
finite element space must be C?. Our finite element space is C' C CY, so this is
suitable.

Equation (2) is a fourth order problem, which requires an H? formulation, so the
finite element space must be C''. Our finite element space is C'!, so this is suitable.

Equation (3) is a sixth order problem, which requies an H? formulation, so the
finite element space must be C2. Our finite element space cannot be C2, because
the second derivative at a vertex cannot be computed from nodal variables stored
at that vertex, so this is not suitable. 5 A

(d) We need to add an extra nodal variable to those above. For example, N5(v) =
v((a +b)/2). This is unisolvent because if Ni[v] =0 for all i = 1,2,3,4,5, v is
a degree 4 polynomial with five roots, hence is the zero polynomial. This is still
suitable for problems (1) and (2) because the function value and derivative at each
vertex can be obtained from nodal variables associated with that vertex. 5, A
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2. (a) SinceV}, C H!, we can use v € V}, in both the original variational problem and the
Galerkin approximation,

a(u,v) = F[v], a(up,v) = F[v].
Subtraction and linearity in the first argument gives
0 = a(u,v) — a(up,v) = a(u — up,v),
as required. 5, A
(b) Continuity and coercivity mean that
a(u,v) < Ml ol Al < atu,w),
respectively. Then, for arbitrary v € V3, we have

(coercivity) y[lu — up||}1 < alu — up, u — up),

(linearity) < a(u — up,u —v) + a(u — up, v — up),

=0 by part (a)
(continuity) < M||u — up|| g1 ||u — v|| g1

Either ||u — up||z1 = 0, in which case the required result holds as required, or we
can divide by ||u — up|| 1 to obtain the required result.

5, B
o
a(u,v) = (u,v) +/ vB-Vudz,
Q
< llullgllvllz + vllz2 18 - Vg,
< ullgllollz + vl 2Boll Vul 22,

Hl
< (L Po)llull vl

The continuity constant is < (1 + fp). 3,B
(i)  Substituting 7 = gives (1+5o)

unseen )

a(u,u):/u2+|Vu|2+uﬂ-Vudx.
Q

We have uVu = %V’U,Z. If V-5 =0 then 5-Vi =V - (B¢) for any scalar
field 1) and the result follows by picking ¢ = u?/2.

3,B
(i)
2 2 1 2
a(u,u) = [ u*+ |Vul” + §V - (pu”)dwz,
Q
2 2 1 L o
= [ v+ |Vul*dz+ = B-n-u“dSs,
0 2 Joa~~2
= [lullfn,
so the coercivity constant is 1. 4, D
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3. (a) This variational problem has a bilinear form which is just the H! inner product.

Hence it is continuous and coercive with scaling constants equal to 1. From the
Lax-Milgram theorem, the solution exists and is unique. Taking v = u, we have

lullf = (u, fuz < llullg2ll fll e,
from Cauchy-Schwarz, and dividing both sides by ||u||;2 gives the result. 5, B

(b) Since V is a Lagrange finite element space of degree k, it contains the function
v = 1. Taking v in the definition gives

/Qudx
/Qfdm

on the right, hence the result. 5 B

on the left hand side, and

(c) Method 1: solve by computing variational derivative,
dJ[v; 6v] = 2/ w(u—f)+Voév-V(u— f)de =0, Yovel,
Q

which is equivalent to our variational problem above.
Method 2: by contradiction. If u is not the minimiser, then there exists v € V' with
J[v] < J[u]. Then

Tl = llv = fllzn = (v = w) + (u = flFn,
= [lv —w)[[F + (v = w,u— Y +llu— fllg,
=0 by defn of «

= [lv = ull + J[ul,

and we conclude that [lv — ul[3,; < 0, a contradiction (since norms cannot be
negative and wu is assumed not equal to v). 5, C

(d) Since u minimises the functional .J, we have

lu—fllaroy = inf o= flme
< |nf = fllar (@)
< Ch*|f s (),
where I, is the nodal interpolation operator into V, and we used the standard
approximation result for I. 5 D
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4. (a) Multiplication by test function and integration by parts in the Laplacian term gives

the following variational problem: find (twice time differentiable) time-dependent
u € H' such that

(Y, ug) + (V),Vu) =0, Vo e H.

Our C° finite element space is a subset of H' so we may propose the following
finite element discretisation, find u;, € V}, such that

<¢,Uh,tt> + <V¢, Vuh> =0, VYYe,.

(b) Using a basis for V}, of dimension N, we substitute basis expansions for 1) and wu,
leading to

N N 12 N
> Z/qujdxdt?uj+Zv¢i-v¢jdmjw = 0.
i J J

Since the basis coefficients 1); are arbitrary, we must have

N d2 N
Z/Qéf)iéf)jdﬁvdtzu]'ﬂLZngi-Vgﬁjdxuj:O, i=1,...,N,
Jo J X,

=M;;

which is equivalent to the required form.

(c) If we introduce v € V}, such that

(@, ur) — <¢,1}> =0, Voe,
(which is Equation (5)) then choosing ¢ = u; — v € V}, gives
0= (u —v,up — v) = |lug — ||} = u = v.

Hence, u;; = vy, and we can substitute into the variational form to get Equation

(6), and the two formulations are equivalent. 5, C
(d)
E = (v,v) + (Vu, V),
(ug =v) = (v,v) + (Vu, Vo),
(Equation 6) = —(Vu, Vu) + (Vu, Vu) =0,
as required. 5 D
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5. (a) Takingv =0, p#0, we have

c((0,p), (0,p)) = a(0,0) + b(0, p) + b(0,p) = 0,

by bilinearity (or the definition). Hence we have a pair (v, p) with Hv||%/+\|p||é >0,
but ¢((v,p), (v,p)) =0, i.e. ¢ is not coercive.

(b) (i) We have
. B*plv b(v,p
1Bl = sup SPM_ o BlD)
ozvev VIV ozvev [lvllv

and hence

in = in ,
0£peQ |plle  ozpeq [lvllv(plle

so the two conditions are equivalent.

1Bl . bo.p)

(i)  For any g,
B*q||y B*p|ly
1Balve o e 1Bl
lalle  ~ o#pc@  lpllq
by the definition of inf, so

= B,

1B*qllv: = Bllallq

for any ¢. Starting from this end, we take g # 0, divide by ||¢||g, and inf over
all such g, to recover the original expression.

(iii) If there exists ¢1, g2 such that B*q; = B*qy, and then B*(q1 — ¢2) = 0 by
linearity. Then Part b(ii) says that

0=[|B*(q1 — @2)llv: = Blla1 — @21l

i.e. q1 = q2, so B* is injective.

Review of mark distribution:
Total A marks: 30 of 32 marks

Total B marks: 21 of 20 marks

Total C marks: 15 of 12 marks

Total D marks: 14 of 16 marks

Total marks: 100 of 80 marks

Total Mastery marks: 20 of 20 marks
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